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Abstract. On the base of the photon’s wave function (wave packet) in Schrédinger coordinate
representation developed in previous papers the modeling of the propagation in space and in time of a
wave packet of the photon corresponding to a separate laser impulse of radiation of femtosecond
diapason is carried out. The development is proceeded from single-particle approach with the usage of
the basis eigenfunctions of energy, momentum and helicity operators in continuous momentum
spectrum case. The wave packet is constructed in the form of superposition of these eigenfunctions as
the integral over the all momentum space. In the case of Gaussian momentum distribution the
character of an extension of a form of this wave packet is established. The essence of wave-particle
duality of light and microparticles is specified. The hypothesis is formulated, however, that the photon
is a quasi-particle corresponding to the propagation of spin wave in physical vacuum. It is claimed
that this question is related to the structure of the leptons and other particles on the Planck distances.
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INTRODUCTION

Since publication of work [1] it is considered (see also [2—8]) that the wave function of a
photon cannot be constructed in configuration space although in momentum representation it
is applied in many aspects. The reason of it consists in the zero mass of "rest" of a photon.
Nevertheless, for a photon it is also possible to construct wave function ("a wave packet") if it
is intended for the indication of density of probability not of localization of a photon, for
example in the spirit of electron in atom, but of its detection in space. In modern experiments
(transfer of optical signals on quantum communication channels, "quantum teleportation",
"paradoxes" with single photons, etc.) there is a need for association of photons with the
localized carriers of elementary units of information. Therefore creation of wave function of a
photon in coordinate representation becomes again topical "at the new level of knowledge".
Then, knowing the wave function, it is also possible with the quantum-mechanical point of
view to come to an explanation of interference, diffraction and polarization of electromagnetic
waves. Without doing the full review here, we will refer on [2—14] where anyway this subject
is touched, the term "wave function of a photon" is used, but nevertheless wave function of a
photon, normalized on unit probability, isn't given in coordinate representation. Apparently,
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the first works in which the idea of a possible "localization" of a photon described by a
probability density, defined by the normalized per unit of the wave function, have been
proposed are [15-18]. Further development of the theory and justification of building of
coordinate single-particle wave function of the photon was performed in [19-25] and others.

The purpose of this article is the modeling of the propagation in space and in time of a
wave packet of the photon corresponding to a separate laser impulse of radiation of
femtosecond diapason. This wave packet is the photon wave function in the coordinate
representation.

PHOTON WAVE FUNCTION IN COORDINATE REPRESENTATION

We give here some details of the construction and interpretation of the photon wave
function in coordinate representation accordantly to [22, 25].

The construction of the photon wave function in coordinate representation is based on the
synthesis of classical electrodynamics and quantum mechanics taking into account the
correspondence principle. Maxwell's equations in the Majorana form [26], for the vectors
E=E+iH and n=E-iH, made up of the electric (E) and magnetic (H) fields intensities (in
Gaussian System), are taken as the initial:

a R A A A
iha—f = c(8p)E, ihi—? =—c(8p)m, (PE)=0, (pn)=0, (1)

where p =—ihV is the operator of the momentum of the particle; ¢ is the velocity of light in

vacuum; § is the operator of the photon spin in vector representation:

S=e,S5,+e,S, +e,8, =

yoy
0 0 O 0 0 i 0 —-i 0 0 -e, e,
=e, |0 0 —i|+e,) 0 0 Of+e,ji O O0|=i| e, 0 —e, | @)
0 7 O -i 0 0 0 0 O —e, ey 0
The vectors § and 1 in a matrix form have an appearance:
E.+iH, E,—-iH,
E=|E,+iH, |, n=|E,—iH, | A3)
E.+iH, E,—iH,

and should be considered as independent [7]. For a bivector @y, = [éj it is necessary to
n

solve the equation which is the generalization of Dirac equation for a massless particle with
spin s = 1 in the "standard" or "bivector" representations. In the latter case it has the form:

. $p) 0
n o g oo or il S|P | 4)
ot or{n) sl 0 -G An

Thus together with the solution of the equation (4) the task is formulated to find the
eigenfunctions ®vy and eigenvalues of the mutually commuting operators of the complete set:

{E=ih8/@t; Hyy =c(Gpyp); p=—iV; f\}, )
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where the matrix @y, , operators of the helicity A and of the spin § of a photon in bivector
representation equal:

N :§ 0 [\:(Sf)):@:l sp) O §:§ 0 ©)
o —s) o p prlLo Gp) 0 3/

The solution of this task consists in the following [22, 25]:

1) To states of a photon with positive energy E (+)(k) =hkc =+ pc (which consistent
with the special theory of relativity [27]) the orthonormal bivectors, answering to a helicity

A =1, are:
(+)
O,y mn=| S0 | OO rten 1] 7
0 Oe)e_;(k) 0
(+) _ _ 1 i(kr —kct)
o) ()= =—————e¢ , (8)
bvik,~1 {n f:)l(r,t)] (2m)*/? 1

respectively, where (Oe) is unit of measure (Oersted) of values § and 1.

2) To states of a photon with negative energy E (_)(k) =—hkc=—pc (which theoretically
possible) the orthonormal bivectors, answering to the helicity A =F1, are:

(=)
(_) _ a _ (rat) _ (Oe)e—l (k) i(kr+kc ) 1
“va;k,—l(r”)[ " Jwe N ©)
- 0 (Oe)e (k) 0
) _ _00)e 1K) ket keny
(I)bv;k’-‘rl(r’ 0= {ﬂ f;ll(r,t)} - (2ﬂ)3/2 ¢ (1]’ (10)

respectively, where the complex polarization vectors e ;(k) = [e jK)+ile [](k)]/ \/5 , and

e,, e, are the real mutually orthogonal unit vectors forming a right-handed triad with a
vector n=k/k for a given k=p/#:

lesl=ley|=1 (e;m)=(eym)=(ese;)=0, ey=[nxes] (11)

nz[e]xe[[]:ik[ekxeiJ:ke{(k)ﬁeﬂ(k), (12)

that gives the orthonormality for e, and useful relations if vector e, does not its change at

change of sign of vector n, namely:

(ehren) =8y, clep=8u. exm=e_;(-n), [e;(0)] =e_ (K)=e;(-k). (13)

Owing to (13) the orthonormality relations take place for bivectors (7)—(10):

+
[d’r [cp{fv) " k,(r,z)] CDS‘Q k10 = (00)28; 1,5 (k'~K), (14)
+
Id%[@{)ﬂk,’w(r,t)] ofF) =0, (15)
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Then it is postulated that the photon states with the positive and negative energy, and
given by E and H are the superposition of bivectors of monochromatic plane waves (7)—(10):

(Dgiv)(l‘,l‘) = (D,E)i\gil(r’t) _|_(D( )—1(1' t) =

= [Bk.tnop), 0 dk+ [ [B(-k3)]" cbfjv); ka0 dk. (16)

Using specified bivectors, satisfying the necessary conditions of orthonormality and
completeness, it is possible to write the spatial density distribution of energy of the photon in

the state (16) and the wave function ‘P(i)(r,t) of this state, normalized per unit probability:

+ T+ 1
o, =" [cp( )(r t)] Cl)g;)(r,t)ZQ%
{ BRI fﬁ(nr)}

:é{[Eé;)l(rt)] [H&H(rt)] [E 1(rt)] [H ) (.

(I)(Jr)x( z)] ol )k(r f) =
é{\a&ﬁ)(r o[ +|n&en) }
} (17)

(r, 1)+

+
n(fl)(r, H]

¥ () = jb(k,il)\yﬁ)ﬂ(r,t)d3k+j[b(—k,i " et nd’k, (18)
where
(Oe) ; I
b(k,k):mB(k,x), \Plg’%(r,z):(o) gJM(r,t). (19)

Thus the ‘P(i)(r,t) and dimensionless functions ‘I’l((i% (r,t) satisfy the normalization

jd%[wéfi(r,ﬂ] \Plg,)k,(r,t)zsma(k'—k), (20)
jd3r[\11(i)(r,t)]+\y(i)(r,t): [drpPwn=1. 21

The photon wave function ‘P(i)(r,t) in the state of the wave packet (18) with both
positive and negative energy, satisfies the Schrodinger equation of the form (4), from which

the continuity equation follows for density of probability p, )(r t) and of stream density

i P_ )(r, t) of probability to find the photon in the vicinity of the point r in a timepoint :

o0 (r,1)

- divj D=0, (22)

where

P = [‘P<i><r,z)]+‘ff<i)(r,r>, 900 =[O wn| aneEwn. (@)

The wave function in the momentum representation corresponds to the wave function
(18), namely:
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Bk 1 = ®\__ 1 —iKr () 3. _
v (k,t)_<k“{’ >_(2n)3/zje v (11 d3r =

_eiikCt b(k +1)e Kk 1 T L 0
= Ees ) +[b(-k,FD)] ez (k) r (24)

If coefficients b(k,A) are known, then using wave functions (18), (24) it is possible to
calculate all characteristics of a free photon. For example, average value of energy of a photon
is defined as:

20 = <\P(t>

v o

7\‘1

EZ\PS)>=
A

- j(ihkc){|b(k,i1)|2+|b(—k,¢1)|2 }d3k = [E@ ) p& ®)d k. (25)

This formula gives the value coinciding with the one defined in classical
electrodynamics, and also the formulas (17). This fact expresses the correspondence principle
causing the introduction of the wave function of the photon in a condition of a wave packet

(18).

EVOLUTION IN SPACE AND TIME OF PHOTON WAVE PACKET CORRESPONDING TO A
SINGLE FEMTOSECOND LASER PULSE

On the basis of the above stated general method of construction of wave function of a
free photon in coordinate representation in [28] the most important wave packet in scientific
and methodical aspects with Gaussian momentum distribution is considered.

In order to more fully reveal the physical content and functionality of the wave packet
(18) we will choose the coefficients of this packet having the simplest, "Gaussian" form:

,0,Q,
2T\ T

where parameters ko = (0,0, k), ro=(xg,¥9,20), o, 0y, o3 characterize average values

b(k, 1) = [b(-k,F1)]" =

exp[— % (0262 + 262 + o2k, 3 k¢)? ) - ikro}, (26)

and dispersions of the corresponding physical quantities in the state of a photon (18) and
satisfy the normalization condition (21).

Parameterization (26) answers to the state of a photon with a zero average helicity as the
values A ==1 are presented in (26) with equal probability. All characteristics of this wave
packet can be broken into two categories: 1) momentum-energy, expressed only through the
parameters appearing in (26), and 2) space-time, for calculation of which it is required to set
still polarization vectors e, (k). According to statements of quantum mechanics, values of
these two categories of characteristics answer to the corresponding uncertainty relations. New
here, compared to the quantum mechanics of particles with mass, is the fact that the values of
characteristics of the second category essentially can depend on "choice" of vectors e; (k).

Momentum-energy characteristics

Applying (18), (26) and quantum mechanical formula of calculation of average value of
physical quantity F operator of which is equal F:
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7 <\p<i>

ﬁ\y(i>>=<§lyx(,i)

FY e > Q27)
A

where ‘Pii) at the values A = =1 are defined by corresponding terms of the formula (18), we

find at once average values of projections of momentum and their squares:

pF =pP =0, p® =tk (28)
2 B2 2w 2 n?
pOf -5 (P =25 (O =25 %, %)
20f 20 203

from where it follows that the average vector of a momentum of the photon in a state of
positive energy is directed along the axis z, and with negative is opposite to it:

=ihk0 Eihkoez. (30)

5 2 52 52 52
D, = p(i) —(p(i)) =——y D, =——, D, =——. (31
DPx ( X ) X 2 py 2(1% Pz 2(1%

Then uncertainty of photon momentum projections an in state (18) are reduced to

formulas:

Ap,=.D :L A :L Apzzi (32)

b p b b
Px Otl\/E Y (12\/5 (04 3\/5
where the presence \/3 is connected with such choice which gives, according to (24) the
simplest form of the momentum distribution in the state (18), namely Gaussian form:
o,y 05

mn

Below we present the appropriate formulas in the case when o] =) =0a.3.

+ 2 — 2 _
P ) = bk, 21| *+|b(-k,FD)|” = exp |- a?k? —adk? - ad(k, 740)?) 33)

Applying the formula (25), (33), we find the average energy of the photon in state (18),
respectively with positive and negative spectrum of its energy:

242
E(i):ihkoc 1+ ; > erf(a1k0)+M, (34)
20(.1](0 ()le()\/E

and also, similarly, the mean square of energy of the photon in the state (18):

2
E(ﬂ) =c2n%id |1+ i a (35)
20(,1](0

—

Using (34) and (35), it is possible to calculate dispersion and uncertainty of energy of a
photon in state (18) with momentum distribution (33), according to the general definition:
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DE:(E(J—F))Z—(EY, AE = Dg. (36)

Space-time characteristics

Requirements (11)—(13) are satisfied, e.g., for the following vectors [22, 25]:

1—(1—cos9)cos2(p —(1—cos 0 )sinpcos ¢
ej(k)=|—-(1-cos0)sinpcos |, e;(k)=|cos 9+(1—cose)cosz(p ,at 0<0< g, (37)
—sinBcos @ —sin0sin@
1—(1+c059)coszq) (1+cos 0 )sinpcos ¢

ej(k)=| —(1+cosB)sinpcos o |, e;(k)= cosO—(l+cose)cosz(p , at §< 0< 7, (38)

sin@cos @ —sinOsin@

where the Cartesian components of the corresponding vectors in the usual configuration space
are specified, expressed in terms of the spherical coordinates of vector k in momentum space.
Taking into account formulas (37), (38) it is also conveniently to carry out the calculation of
space-time characteristics in momentum representation, using the formula (24).

In particular for average values of coordinates and their squares of a point of detection of
the photon in state (18) we obtain the following expressions:

@ —yy, 2@ =z xern®, (39)

(x(i))z =x§+O;_12+A§2)+c2t2("§i) ’ (y(i))2=yoz+o;_12+A(2)“2’2( i ) (40)

2
Otz [ 2
(z<i))2=202+71+A§2)+c2t2(n§i))2i2cmgi)zo, 1)
where:
T 1 exp(—o k)
n® =] 1- erf(o k) — ———1207 | (42)
2000 k; 0‘1]‘0\/E
P (P L (@ -1 |- kil fi(ouk —afkd)| 43
(”x ) (”y ) 2{ (”z ) 20k 2a1koerl(al o)exp(—oiky) |, (43)
1 2 2 2
@___1 0. 4,0 <2)_ CXP( kg u )
A =4y =~ AP v aay), A4l 201 exp( )j o du, (44)
0
@)_ 1 |1+207k 2,2
Ay = erfi (alko)exp(—oclko )ﬁ -1} (45)
2k§ 2otk
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From (39)—(45) it follows that the dispersions D,, D,, D- of coordinates of a point of
detection of the photon which is in the state (18) parameterized by means of (26) are equal:

2 2
aq 2 2 o 2
Dx:Dy:7+A§ )4 cztz(n)(ci)) :71+A1( )+czt2an, (46)
2 Ty ——\2 2
D, 2_0; + 4+ cztz{ (ngi))z —( ngﬁj } _ %mgz) + D, . (47)

According to (46) the dispersions D, and D, are the same for the considered wave packet
which is symmetric relatively of the z axis.

Analysis of modeling results

As seen from (46), the rate of expansion of the wave packet is the same in each plane xy,
in accordance with the fact that the wave packet (18) with the parameterization (26) remains
symmetric relatively of the z axis. As characteristics of speed of this expansion it is possible
to use periods Tx, Ty, T during which initial dispersions (at # = 0) are doubled along the
directions x, y, z. From (46)—(47) we find:

_Ax@=0) | _Ay(=0) _ _Az(t=0)

y ’ z
cAn, cAn,

T (48)

X
cAn,

Since even in a simple form of distribution (26) it is not possible, analytically to obtain an
expression for the probability density in configuration space, we carry out the analysis of the
evolution of the considered wave packet by means of calculation of the intensity of electric
field, using the initial formula (3), (18), (19). Not equal to zero in this case is only a projection
of intensity E., which characterizes a certain way, the spatial probability density. At
o = o = o3 the spatial "form" of a wave packet in the initial time is “spherical”. We will
give results of numerical calculation for the packet corresponding to the duration of 80 fs
radiation with the central wavelength of 10 microns. On an axis of symmetry of a packet, the
density of probability of photon detection in the vicinity of the center of the packet moves
practically with velocity of light in vacuum. The farther from the axis, the lower the velocity
of probability density is in the direction of the average velocity (along) of wave packet.

Thus, there is a transformation of the original shape of the wave packet in a certain
"conical" shape (see. Fig. 1 and 2).

Speed of this transformation is the more, the less initial "radius" of a wave packet (18),
according to the general representations of quantum mechanics. Fig. 1 and 2 show the
distributions of the most significant projection of the intensity of electric field Ex computed
respectively in two different moments of time: #=1t. and ¢ =2t., where t. is the time of
expansion of the packet (48) along an z axis.

THE MAIN FORMULA OF WAVE-PARTICLE DUALITY AND NATURE OF PHOTON

In our opinion the constructed photon quantum mechanics substantially removes a
problem of wave-particle duality of quantum "particles". Main "formula" of wave-particle
duality of light and microparticles can be formulated as follows [29]:

1. Photons and microparticles at interaction behave as a corpuscle, transferring and
transmitting (to other particles) in a certain quantity as dynamic characteristics (energy,
momentum, angular momentum), and "internal" (mass, electric charge, spin, etc.). In
particular, such transfer is carried out at hit of a photon or microparticle in quite dot detector
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(or a point on the screen) with coordinate r at time point ¢. The fact of hit of "all particle
entirely" in the dot detector is characteristic for a corpuscle, but not for some real wave.

2. However, photons and microparticles propagate in space by "wave rules", that is their
distribution in space is described by wave function. In particular, density of probability of
detection in space of the nonrelativistic particle with a nonzero mass is postulated by a

formula p(r,?)= |‘I’ (r,t)| 2, and a photon by (23). This probability density also causes the hit

of a photon and microparticle in the dot detector. A characteristic interferential picture on the
screen corresponds to distribution of p(r,¢) along the screen.

Distribution centers of E, at distances Maximum of envelope of absolute maxima
from z exis equal 3Ay, 2Ay, Ay /\ Distribution center of
A E, on z exis
Envelopes of absolute maxima e : ,;h\\’““\ E‘“‘ -\-\_‘"R_._\_\_\_::_
Envelopes of absolute minima _ / \ p h.?_f / f77 Center of packet
Their projection on the plane yz N\~ - (x=y=0,z=z,)
' 7 ll! ll!
o \ .-.vﬂ’i1I i: !
» 6 I ’ J-‘i
GS ‘ v i l’ ﬂ “
units 3 - g 5
apoosd e
1]
-0.0005
-0.10
005 |
B Ay " 0.260
F.cm 0.05 '
12, 0.10 0.253
t=1, —157 =9,0-10" =0,27cm; Ax=Ay=0,018 cm Az=0,00169 cm

Figure 1. Distribution of electric field intensity £y at time moment ¢ = t.

Envelopes of maxima of E Center of packet (x = y =0, z = zc) .
at distances 2Ay, Ay, 0 . N Envelopes of absolute maxima
from z axis / i e —_ Maximum of envelope of absolute maxima
T el T T T h‘“‘—-__‘ Half-width of distribution E2
Region of localization of / : < "‘~~.~_\,_ — Mimimum of envelope
wave packet in plane ) of absolute minima
vz
£,
GS
units
0.0005
I
-0.000%
V/
Ay nps
t=212=301y=18-10‘12 53 z,=0,54cm; Ax=Ay=0,054 cm | " Az =0,00268 cm

Figure 2. Distribution of electric field intensity £, at time moment ¢ = 2.

Nevertheless, electromagnetic radiation even in the case of waves small lengths and
obviously expressed "corpuscular properties", is impossible to consider as a stream of the

61



A. Davydov, T. Zlydneva, “Modeling of short-pulse laser radiation
in terms of photon wave function in coordinate representation”

certain "created", "dot" particles, similar to the massive particles. In our view, the photon is a
quasi-particle, and light is a result of the propagation of a spin wave in physical vacuum, the
structure and nature of which have to be considered at the Planck distance [25, 30]. This
question is closely related to the structure of the leptons and other fundamental particles on
the same distances. According to [31-33] the center of an electron is extreme maximon, that
is the quantum nonsingular object creating round itself an extreme Kerr-Newman metric. It
has spin s=1/2 and approximately Planck mass, charge and radius. For most observed
phenomena involving photons it is possible to give the following interpretation of their
propagation in vacuum. In the photon propagation the middle-ordered (in time and space)
alternate spins flip occurs of virtual vacuum extreme maximons, which creates the effect of
the spin wave, and in "macroscopic scale" produce manifestation the corpuscular-wave
properties of photons. However due to the vector dominance also exhibited by the photons,
their propagation in vacuum can be associated also with other, more complex virtual
processes.

CONCLUSION

The results of our modeling of photon wave packet propagation allow to illustrate the
possibility of a single-photon approach to the description of electromagnetic phenomena. In
particular, it appears that those aspects of interference and diffraction such as the interference
pattern of Young's double-slit experiment, which were described in the language of classical
electrodynamics, obviously can be described in the language of quantum mechanics without
the involvement of the apparatus of second quantization of the electromagnetic field. This
significantly expands the scope of “ordinary” quantum mechanics and considerably reduces
the problem of wave-particle duality in the present level of our knowledge.
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